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Abstract

In this mémoire we will review some results of the article of R.Young [10],
mainly a theorem which under some good conditions allows us to prove
bounds on the Filling Volume functions and Higher Dehn functions of
some latices in Carnot groups. As a consequence of that R.Young gives
quadratic bounds for the Dehn function of a certain family of 2-step nilpo-
tent groups, and gives euclidean bounds for higher Dehn functions of Jet
groups; a family of groups based on the jet space of R*, which generalizes
the Heisenberg groups. Moreover, the original part of this mémoire con-
sists in finding a family of 3-step nilpotent groups for which these methods
also work giving us cubic bounds for these groups(Section 3.3).
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Chapter 1

Preliminaries

1.1 Dehn Function

The objective of this mémoire is to study the Dehn functions and filling
volume functions of nilpotent groups, in order to do that we first need to
define what are these. Moreover, there are several possible definitions for
these functions, but they are all equivalent in a coarse sense. To make this
rigorous, we can define a partial ordering on functions f: R* — R* so
that f < ¢ if and only if there exists c such that:

f(z) <cglex +¢)+cx+c

And we say that f and g are equivalent in a coarse sense, which we will
denote f ~ g,if f < gand g =< f.

Definition 1.1. (Dehn function)

Let GG be a finitely presented group, with presentation (S|R) , we say
that a nullhomotopic word w € F(S) has area A(w) = N, if N is the small-
est integer such that:

W = w1T1w1_1WQT2w2_l - riNw;,l
in F'(S); where w; is in F'(S), and r; is in R. The Dehn function of G is:
bo(n) = sup A(w)

lw|s<n

The Dehn function can also be given a more geometric definition, in
terms of riemannian filling function, as follows.

3



Definition 1.2. (Filling function) Let G be a finitely presented group, act-
ing proper cocompactly by isometries on a simply connected riemannian
manifold X, for a given Lipschitz loop v in X, we define the area A(y) of
7 as the infimum of the areas of Lipschitz discs in X with boundary v. We
then define the Filling function of )M as:

Filly(t) = sup A(7)

Iyt
where [(7) denotes the length of the loop 7.

Moreover these two functions are equivalent in a coarse sense.

1.2 Higher order Dehn functions

It is possible to extend the notion of Dehn functions to higher dimensions
in the following way:

Definition 1.3. (d-th order Dehn function)

Let G be a group that acts on X by a geometric action; where X is a d-
connected riemannian manifold or simplicial complex. We will define the
d-th order Dehn function as a function that measures the volume necessary

to extend a map S? — X to a map D™ - X. More specifically if f: S¢ —
X is a Lipschitz map, we define:

. —d
§L(f) = in {vol w19 9: D = X, gl = f}

and:
5% (V) = sup {05 (f)] f: 8¢ = X, vol 4(f) <V}

We will call §% the dth-order Dehn function of G.

1.3 Filling Volume function

In a similar way as the last section, it is also possible to define a homo-
logical version of the Dehn function. We will denote Cf;p (X) as the set of
integral Lipschitz singular d-chains, this is, the set of finite linear com-
binations, with integer coefficients, of Lipschitz maps from the Euclidean
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d-dimensional simplex A4 to X. We will often call this simply a Lipschitz
d-chain. Now by Rademacher’s theorem we have that a Lipschitz map
from the simplex to X is differentiable almost everywhere, and we can de-
fine the volume of the map as the integral of the magnitude of its jacobian.
If a is a Lipschitz d-chain with a = ) n;a;; where n; are integers and «; are
Lipschitz maps from A? to X, we define the mass of a as:

massy(a) = Z n;voly(a;)

Definition 1.4. (Filling volume function) Let X be a d-connected riemannian
manifold or a simplicial complex. Now let a be a integral Lipschitz d-cycle,
we define the filling volume of a as:

FV¥(a) = inf{mass b| 0b = a}

where the infimum is taken over the set of all b in C/*(X) such that db is a.
Now, the filling volume function is:

FVEY V) = sup{ FVE ™ (a) | mass(a) <V}

where this supremum is taken over all a integral Lipschitz d-cycles of
mass(a) <V

The exact relationship between FV*! and §? depends on d. When
d > 3, wehave that 0% ~ FV{t! for all d-connected manifolds or simplicial
complexes X. When d = 2, then 6% < FVt! (see [7],App.2.(A"))

1.4 Carnot groups

The main theorem of this mémoire (Theorem is focused on a certain
special class of nilpotent Lie groups(Carnot groups) that allows us to ex-
tend certain argument in R? about filling inequalities to these groups.

Definition 1.5. Let GG be a simply connected nilpotent Lie group with Lie
algebra g, then lower central series:

g=0020 - D0k1=0, gir1 =180

terminates. If g, = {0} and g,_1 # {0}, we say that g has nilpotency class
k. If there is a decomposition:

g:‘/l@"@‘/k;
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such that:
gi=Vipi @ - DV

and [V;,V;] C Vi, foralli, j < k, we callita grading of g. If g has a grading,
we can extend the V; to left invariant plane fields on G' and give G a left-
invariant metric such that the V;’s are orthogonal. With this metric, G is
called a Carnot group.

If G is a Carnot group, there is a family of automorphisms s;: G — G
which acts on the Lie algebra by s;(v) = t'v for all v € V;. These auto-
morphisms distort vectors in g by different amounts. Vectors in V; are
distorted the least, and we call these vectors horizontal. If M is a manifold
and f: M — G is a Lipschitz map, it is differentiable almost everywhere
by Rademacher’s theorem. If all of its tangent vectors lie in the plane field
Vi, we say that f is horizontal; likewise is o € Clr (@), we say that « is
horizontal is it is a sum of horizontal maps. If 7 is a simplicial complex
and f: 7 — G is a Lipschitz map which is horizontal on every simplex of
7 of dimension at most k, we say that f is k-horizontal. We then have the
following;:

Lemma 1.6. Let f: A* — G be a horizontal map, then vol(s;o f) = t*vol(f)
forallt >0

In later chapters of this mémoire, we will need the fact that given G
a Carnot group, any Lipschitz function from G to G that has a bounded
distance from the identity can be connected to the identity by a Lipschitz
homotopy; in order to prove that, the following lemmas will be necessary
to prove that statement:

Lemma 1.7. Given M, N two riemannian manifolds and F': M — N a
differentiable function such that ||(T'F'),|| < C for all pin M, then we have
that F' is a C-Lipschitz function.

Proof. Let p, ¢ be any two points of M. Let’s consider a differentiable by
parts path : [0,1] — M such that 7(0) = p and 7(1) = ¢. Then as F'is
differentiable we also have that F' o v is also differentiable by parts. We
then have that:

d(F(p), F(q)) < L(Fo7)



Furthermore:

1
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< CL(y
Now as:
d(F(p), F(q)) < inf  L(Fov)

¥(0)=p(1)=¢

< inf  C-L(y)

¥(0)=p,y(1)=¢

< C-d(p,q).
u

Lemma 1.8. Given G a Lie group with a left-invariant riemannian metric,
K C G acompact subset of G. Then there exists Cx > 0 such that R,: G —
G given by R,(h) = h.g is Ck-Lipschitz for all g in K.

Proof. Firstof all, note that L,: G — G givenby Lj(g) = h-gis anisometry
of G for all h in G. Secondly, note that ||(TR,).|| doesn’t depend on h,
because:

RyoL, = LyoR,

So, we know that:

| T Ry(T Lyu)||
TRl = 2
weg\{0y || TLnull
wp ITLUTR )|
ueg\{0} [[ul]
= |[(T'Ry).|
Moreover:
| T Ryul|
(TRy)el| = —

ueg\{0} [[ul]
— sup [T Ly (TRyu)||
u€eg\{0} [[ul|

= |lAd(g™ )]l




This clearly implies that there exists Cx > 0 such that ||TR,|| < Ck for
all g in K. Therefore by lemma([l.7]we have that R, is Cx-Lipschitz for all
gin K. 0

Lemma 1.9. Given G a Carnot group, the automorphisms s;,: G — G are
1-Lipschitz forall 0 < ¢ < 1.

Proof. Clearly we only need to prove it for ¢ > 0. In a similar manner as
lemma 1.8l we have that:

$10 Lg = Ly g) © St

which implies that ||(7s;),|| doesn’t depend on g because:

Ts (TL,u
1Tyl = sup MLl
wea\foy 1T Lgull

[T L, (g)(T's1u)|

sup
ueg\{0} [Jul]
754l
ueg\{0} HUH
= [[(T'se)ell.

Now by definition we know that T's;(u) = t'u for all u in V; which clearly
implies that ||(T's;).|| < ¢ < 1 which by lemma [I.7] implies that s, is 1-
Lipschitz for all ¢ in [0, 1]. O

Lemma 1.10. Given G a Carnot group, and ¢: G — G a Lipschitz func-
tion such that d(g, ¢(g)) < c for all g in G. Then we can find a Lipschitz
homotopy H: G x [0,1] — G such that:

H(-,0) =1id
Proof. As d(g,$(g)) < cfor all gin G, there exists ¢: G — G such that:
¢(g) =g 6(9)

and that ¢(g) belongs to B(e, c) for all g in G. Let’s denote Ck as a con-
stant that comes from Lemma (1.8 for K = B(e, ¢) We will now define the
homotopy H as:

H(g,t) =g s(d(g))
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Now, in order to prove that H is Lipschitz we will first prove that ¢ is
Lipschitz. Let’s consider g, h any two elements of G. Then we have:

d(6(9), d(h >) d(g™" - olg).n" ¢<h>)
<d(g7"-¢(9),g7" o) +d (g7 - o(h),h~" - ¢(h))
<L1P( )d(g,h)er(h o(h),g-o(h))
< (Lip(¢) + Ck)d(g, h).

Therefore, we have that:

d(H(g,t), H(h,t)) = d (g 5:(6(9)), b - s:(6(h)))
< d(g-5:(0(9): b 5:(0(9)) +d (h - 5:(6(9)), - se(é(R)))
< Ckd(g, h) + Lip(¢)d(g, h) = (Cx + Lip(¢ ) 9:h)-

Moreover, let’s consider I: K x [0,1] — K given by:

I(g,t) = s:(g)

there exists a constant C; such that for all g in K and ¢ in [0, 1], we have
that:
(Tl < Ck

Which implies that:

d(H(g,t),H(g,s)) =d(g-1(d(g),t),9-1(d(g),s))
= d(1(¢(g9).1). 1(d(g), s))

< dils —t.
Now forall g,h € G and s,t € [0, 1]:

d(H(g,t), H(h,s)) < d(H(g,t), H(g,s)) +d(H(g,s), H(h,s))
< Cils —t| + (Lip(¢) + Ck)d(g, h)
< max{Cf, Lip(¢) + Cx} (|s — t| + d(g, h))

which implies that H is a Lipschitz homotopy.



1.5 The Federer-Fleming Deformation theorem

A key tool to work with Lipschitz chains is the Federer-Fleming Deforma-
tion Theorem, which states that Lipschitz chains can be approximated by
simplicial chains.

A triangulation of a space X consists of a simplicial complex 7 and a
homeomorphism f: 7 — X. We will sometimes refer to the tuple (7, f)just
as 7, when it is implicit. We can put a metric on 7 so that each simplex is
isometric to the standard Euclidean simplex(we can embed it in a standard
simplex and then consider the induced metric) ; if f is a biLipschitz map(f
and f~! are both Lipschitz); then we call (7, f) a Lipschitz triangulation.
From now on, we will assume all triangulations to be Lipschitz.

If (1, f: 7 — X)) is a triangulation of X, then a simplicial k-chain of 7
is a formal sum of k-dimensional faces of 7. We can use the push-forward
map f to identify such chains with Lipschitz chains of X. By abuse of
notation, we call these chains simplicial chains in X, and we denote the
complex of simplicial chains by C,(7). Federer and Fleming showed that
Lipschitz chains can be approximated by simplicial chains [1]. The version
we state is a slight simplification; it applies only to Lipschitz chains with
simplicial boundaries. In this theorem, P, («) will be a simplicial approxi-
mation of and @, («) will be a Lipschitz chain which interpolates between
aand P ().

Theorem 1.11. (Deformation Theorem) Let (7, f: 7 — X) be a triangula-
tion of X. There is a constant ¢ = ¢(7) such that if « € C;”(X) is a chain
such that da € Cj,_;(7), then there are P,(a) € Cy(7) and Q.(a) € C}* (X))
such that:

1. mass P.(a) < c. mass(«)
2. mass Q,(a) < c¢. mass(«), and

3. 0Q,(a) = a — Pr(av).

Federer and Fleming originally proved their theorem in the case of Lip-
schitz currents in R"™(cf. [1]); so this statement is somewhat different from
their original, it is closest to the version proved in [2].

It can also be seen from the proof in [2] that there is homotopical ver-
sion of Theorem which we will use also later in our proof of Theorem
2.10!

10



Definition 1.12. (Brady,Bridson,Forester,Shankar[11])

Given M a compact k-dimensional manifold, 7 a simplicial complex,
and a Lipschitz map a: M — 7, we say that a: M — X is admissible if
the image of « lies on the (k)-skeleton 7®) of 7, and if a=1(7® \ 7*-D) is
a disjoint union of open k-balls, each mapped homeomorphically onto a
k-cellof 7. If (7, f: 7 — N),is a triangulation of N, we say thata: M — N
is 7-admissible if and only if f~! o a is an admissible map to 7.

It can also be seen that a simplicial map between simplicial complexes
is admissible.
Furthermore, one can then prove the following:

Theorem 1.13. (Homotopic Deformation Theorem) Let (7, f: 7 — X) be a
triangulation of X and let M be a compact k-manifold. There is a con-

stant ¢ = ¢(7) such that if a: M — X is a Lipschitz map and al,,, is

T-admissible, then there is a 7-admissible map P/(a): M — X and a Lips-
chitz homotopy @’ (a): M x [0,1] — X such that:

1. vol P/(«a) < c-vol o,

2. vol Q) (o) < c¢-vol o, and

3. Q' («)is a homotopy between « and P/(a) which is constant on 0M.
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Chapter 2

Filling cycles and spheres through
approximations

2.1 Main Idea

The basic idea is the following. Given « a curve of length [ in R?. We can
approximate « in successively larger grids: Let F(«) be the approximation
of ainal x 1 grid, P, («) the approximation of a in a 2 x 2 grid, and so on
until ¢ < log, . We will assume that length(P;(«)) ~ [ (to formalize this
we need the Federer-Fleming theorem). Moreover when i >> log, [ we can
approximate o by the zero cycle. We can connect approximations using
annuli made of squares, and since P;(«) and P,;;(«) are close together,
it takes relatively few such squares; just as P;(«) is made up of ~ [27°
segments of length 2/, R;(«) is a sum of ~ (27" squares with side 2/, and
thus area = [2". If 4, is such that 2 > [, then P, («) = 0, so we get a filling
of a by taking the sum of the R;(a)’s, we let:

10

8= Z Ri(e)

then 98 = « and the area of (3 is ~ [

A similar argument can be used to fill higher-dimensional cycles in
higher dimensional Euclidean spaces: if « is a k-cycle of mass V' in R", it
can be approximated by a cycle P;(«) of ~ V/2¥* k-cubes of side-length 2
by using a 2 x ... x 2’ grid in R™. Moreover, P;(«) and P;;;(«) can be
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connected by a chain R;(«) consisting of ~ V/2%* (k + 1)-cubes of side-
length 2. As before, if iy is such that 2% >> V/, then « is smaller than any
individual cube, so P, (o) = 0 and if we let:

8= Z Ri(«)

The key step in extending this argument to some Carnot groups is to con-
struct the P;(a) and R;(«); that is, to construct a sequences of coarser and
coarser approximations by chains and then connect them by chains.

The bounds we obtain depend on how efficiently we can produce sim-
plicial approximations. The mass of a simplicial approximation is con-
trolled by a constant factor c in the Federer-Fleming Deformation Theo-
rem (Theorem[I.11), which depends on the triangulation used. In R", scal-
ing maps allowed us to construct a family of triangulations with different
sized simplices and the same c but this is not always possible in a nilpo-
tent group. In the rest of the section we will prove that if G is a Carnot
group and that “there exists sufficiently many horizontal maps into G ”,
then we can produce efficient simplicial approximations at all scales and
use these to find strong bounds on the Filling Volume and higher order
Dehn functions of G.

2.2 Simplicial Approximation in Carnot groups

We will construct P;(«) and R;(«) using the Federer-Fleming Deformation
theorem (Theorem [I.T1)). This allows us to approximate Lipschitz chains
and cycles in G by simplicial chains and cycles in a triangulation of G.
When G is Carnot, we can construct triangulations of G by scaling a single
triangulation 7; this gives triangulations with simplices of different scales,
and approximations in these triangulations give the P, and R;.

One difficulty is that the scaling automorphism may distort these tri-
angulations. The scaling automorphism s;: R" — R" stretches each di-
rection by a factor of ¢. In a Carnot group, however, the scaling automor-
phism s,: G — G may scale vectors by up to t¢, where c is the nilpotency
class of G. Since the P, and R; are made up of scaled simplices, a bad
choice of 7 may lead to very bad approximations. To avoid this we will
use k-horizontal triangulations. Specifically, we will show that if certain
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k-horizontal maps and triangulations exist, then P;(«) can be constructed
so that mass P;(«) < mass « for all ¢, and that this leads to bounds on
the filling volume function. (In the next chapter, we will construct some
groups which have such triangulations)

In the rest of this section, G’ will represent a Carnot group and I' a
lattice in G. The maps s,: G — G, t > 0, will represent the family of
scaling automorphisms of G.

Let (7, f: 7 — G) be a triangulation of G and let P, and @, be as in The-
orem If f is k-horizontal and « is a Lipschitz k-cycle, then P(«) is a
horizontal approximation of a: Unfortunately; constructing these horizon-
tal triangulations can be difficult in most cases, instead we will construct
a slightly different approximation. Let (7, f: 7 — G) be a triangulation
of GG, with no conditions on the horizontality of f. Let ¢: 7 — G be a k-
horizontal Lipschitz map which is a bounded distance from f; i.e., there is
a csuch that d(f(z), ¢(z)) < cfor all z in 7. If a is a Lipschitz k-cycle in G,
then f,'(a) is a Lipschitz k-cycle in 7, and P,(f,"(a)) is a simplicial cycle
in 7. By abuse of notation we define Py («) by:

Pyiry(@) = ¢ [Pr(f5' ()]

This is a sum of images of k-simplices of 7, so it is a horizontal cycle.

We will show that the cycle Py(,(«) is close to «v in the sense that there is
a chain Q4(-)(«) with mass comparable to the mass of o which interpolates
between a and Py (r(q).-

Lemma 2.1. There is a ¢ depending only on ¢, 7 and £ such that for all
k-cycles o there is a (k + 1)-chain Q4 () () such that:

0Qq(r) (@) = Pyr) (@) —
and mass Q) () < ¢g mass a

Proof. Because ¢ o f~! moves each point of G by a bounded distance, by
the lemma there is a Lipschitz homotopy h: G x [0,1] — G between
idg and ¢ o f~1. We will define:

Qoiry () = hay (o x [0,1]) + d4[Q-(f ' ()]
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For the first part of the lemma, note that:

0Qu(r) () = hy (e x [0,1])) + ¢2[0Q- (£ ()]
=04 (fy (@) — a+ [P (fy ()] — du(fy' (a)
= 04 [P (fy' ()] —
= Pymy(@) —a

For the second part, note that there is a c such that:

mass Q-(f,' (@) < cmassf,'(a)
If we let:
cq = Lip(h)™" + Lip(f~")"Lip(¢)**'c
The second part of the lemma is straightforward.
O

We can compose Py,) with scaling automorphisms to produce a se-
quence of approximations. To avoid cumbersome subscripts, we will abuse
notation by writing s;(«) instead of (s;)4(«) when intention is clear. We
define:

Pi(@) = s2:(Po(r)(s, (o)
this is a horizontal approximation of o with simplices of diameter ~ 2!

Lemma 2.2. There is a cp depending only on ¢ and 7 such that for all ¢ > 0
and for all k-cycles o, we have mass P;(«) < cp.mass «

Proof. Note that by the choice of the metric on G, for any k-chain ¢ and
any 0 <t <1:
mass s;(0) < t*mass o

and that for any horizontal k-chain o; in particular when o = Py, (s2-i(t))
and any ¢ > 0:
mass s,(0) = t"mass o

By the theorem of Federer and Fleming, there is a ¢ such that:

mass P,(0) < cmass o
for all k-chains o. If we let cp = Lip(f~!)*Lip(¢)*c, then:

mass P;(a) < 2*Lip(f~)*Lip(¢)*c2 *mass a < cpmass o

as desired. O
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Next, we construct simplicial chains interpolating between two differ-
ent approximations of a cycle. The basic idea is that if (7, fo: 79 — G)
and (7, fi: 1 — G) are two triangulations of G, we can connect approxi-
mations in 7y and 7 using a triangulation of G' x [0, 1] which interpolates
between 1y and 7.

Let (n,g9: 7 = G x [0,1]) be a triangulation of G x [0,1]. For ¢ = 0,1,
suppose that ¢~ (G x {i}) is a subcomplex of 1 which is isomorphic to 7;
under an isomorphism ¢;: 7; & ¢! (G x {i}) such that g o ; = f;. We say
that 7 restricts to 7, on G x {i}. Let¢: n — G be a (k + 1)-horizontal map
and let ¢;: 7, = G be defined by ¢, = 1) o ; for i = 0, 1. We will construct a
horizontal (k 4 1)-chain interpolating between P, -,)(«) and Py, (-,)(«).

Lemma 2.3. There is a cg depending only on ¢) and n such that for all ¢ > 0
and for all k-cycles «, there is a (k + 1)-chain Ry ;) such that:

ORy ) (@) = Py, (r) (@) — Py (@)

and :
mass Ry () < cg mass o

Proof. Define:
X(a) = Qn[(fi Da(@)] + g5 (a x [0,1]) = Q[(fo ) #(a)]
Note that:
0X () = Pr[(fi ()] = (fi)al(a) + g5 (@ x {1} — a x {0})

— Pol(fo (@] + (fo 1) s(e)
= P [(fi Da(@)] = Pol(fo 1) w(a)]

Now define:
Ry (@) = Py (By(X(a)))
This is the image of a simplicial chain, and:

OR () () = gy (0X () = Py, (ry) (@) = Pyy(r) (@)

as desired. For the bound on the mass of Ry, («), note that by theorem
there is a ¢ such that:

mass P, (0) < cmass o

16



and:
mass Q,(0) < ¢mass o

for all k-chains or k + 1-chains o. Thus:
mass X (a) < [2¢(Lip g~ ")* + (Lip ¢ )] mass «
If we let:
Cr=2cC [ZC(Lip g_l)k + (Lip g_l)kﬂ} Lip(@b)k+1

then we have:
mass Ry, () < cpmass «

]

In this case we would like to connect FPy(a) = Py, (a) and Pi(a) =
59(Py(ry(s2-1(x))). Let (79, fo: 0 — G) = (7, f) and ¢y = ¢ and define
(11, fi: 1 — G) by letting 77 = 7 and f; = sy o f. If we define ¢; = 550 ¢,
then we have P (a) = Py, (-,)(a). We will define Ry(«) as Ry, (c) for an
appropiate 1) and 7 and obtain R; by conjugating R, by sg:.

Lemma 2.4. Let & > 0. Let (7, f: 7 — G) be a triangulation and let ¢: 7 —
G be a (k + 1)-horizontal map which is a bounded distance from f. Define
To, o, T1, ¢1 as above. Let (n,9: n — G x [0, 1]) which restricts to 7; on
G x{i},i=0,1. Lety;: ; = ¢g7'(G x {i}) be the implied isomorphism. Let
¢: n — G be a (k + 1)-horizontal map which extends the ¢;. If we define:
Ri(@r) = 821 (Ry () (s2-1 ()
then for all 7 and for all k-cycles « we have that:
ORi(a) = Piia(a) — Pi(a)
and: ’
mass R;(a) < cgp2'mass «

where cp, is the constant from lemma 2.3 corresponding to ¢ and 7.

Proof. Tt follows from lemma [2.3| that:

IR () = 591 [Py, (ry)(52-4 (@) = Pag(m (521 ()]
= (s2i © P¢1(T1) © 52”)(0‘) - (S2i © P¢0(T0) © SZ*i)(a)
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we have that OR;(«) as desired. Next we bound the mass of R;(«). Recall
that mass Ry(a) < cg mass « for all . Then:

mass R;(«) = mass Sqi(R;(s2-i(0)))
since R;(sy-i(«)) is a horizontal (k + 1)-cycle, we have that:
mass R;(a) < 25+ Dicp9-*mass o = cz2'mass a.
as desired. O
when such an R; exists, we can use it to prove filling inequalities.

Theorem 2.5. (R.Young) Given G a Carnot group, k, (7, f), ¢, (1, g) and ¢
that satisfy the hypotheses of lemma 2.4, Then:
k41

FVE (V) <V

Proof. It is enough to show that there is a ¢ such that if « is a k-cycle with
sufficiently large volume, then there is a chain 3 such that 98 = o« and

mass < c(mass a)%

First, we claim that when i is large, then P;(«) = 0. Let :
¢ =c, Lip(f~)*vol (A%)71,

where ¢, is the constant from Theorem and AF is the standard Eu-
clidean k-simplex. Let iy be the integer such that:

20—k < 'mass a < 210k,

and suppose that i > i;. Let X = (P, o f#‘é1 o 89-i)() so that P;(«) =
Soi (¢ (X)). We claim that X = 0. Since X is an integral simplicial k-cycle,
it suffices to show that mass X < vol A*. But by theorem [1.11, we have
that :

mass X < ¢, Lip(f~')*2 % mass a < vol A*,
So X = 0 and thus P;(a) = 0. We claim that:

i0—1

B==Qsn(a)+ Z Ri(a)

18



is a filling of o with mass < (mass a)%. First, note that:
of=a—P,(a)=a
Furthemore, by the previous lemmas, we have that:

i0—1
mass 3 < comass o + Z cr2'mass o
i=0
< (cqg + cr2)mass «

< (cqg + 2cp(d'mass o) )mass a

For mass « sufficiently large, we have:

k+1

mass < 4cg(d'mass )+

as desired. 0

2.3 Homotopic Filling bounds

In this section we will give a sketch of how to adapt these arguments to
produce fillings of spheres by balls rather than fillings of chains by cycles.
The main change in the arguments is that now we are going to use a ho-
motopical version of the Federer Fleming Deformation theorem(theorem
1.13).

We will start then with a family of lemmas which are homotopical ver-
sions of the lemmas2.12.4]

Following this line of thought, in a similar manner as lemma 2.1| we
will denote as Py (a): S¥ — G the Lipschitz map given by:

Pyry(a) = ¢ o P(f1 o)

Lemma 2.6. There is a ¢ depending only on ¢, 7 and k such that for all
a: D¥ — G Lipschitz map, there is an homotopy Qu(- () : S* x [0,1] = G
such that:

* Qo) ()(-,0) = Py ()(-) and
* Qo ()(-1) = a().
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and vol Q4 () < cg vol a.

Proof. By lemma there is a Lipschitz homotopy h: G x [0,1] = G
between id; and ¢ o f~1. Let’s define now:

h(af(-),2t) forallt € [0, 5]
1

Qo (@)(1) = {gzs(QT(f—l oa)(,2t —1)) forallt e [5,1].

Clearly Q4 (- () is a Lipschitz homotopy between a and P, (o). More-
over if we let:

cq = (Liph)**' + Lip(¢)*'Lip(f )"
We have that:
vol (Qyr(a)) < Lip(h)*"'vol a + Lip(¢)**'vol (f ' o )

< Lip(h)**'vol a + Lip(¢)" ™ Lip(f~*)*vol a
< cgvol a

Which is what we wanted to prove. O

Lemma 2.7. We can compose Fy(,) with the scaling automorphisms in or-
der to get the good "approximations” of « in the respective dilated trian-
gulations, more specifically we can define:

R(Oz) = 59i O (Pd)(.r)(SQ—i o Oz))

It is clear that P;(«) is an horizontal approximation of « in the (7, sy: o f)
triangulation. Furthermore, there is a cp depending only on ¢ and 7 such
that for all i > 0 and for all Lipschitz maps «: S* — G we have that:

vol P;(a) < cpvol a

Proof. Note that by the choice of the metric on G for any Lipschitz map
o: S* — G and any t in [0, 1] we have that:

vol s,(c) < tFvol &

and that any horizontal Lipschitz map o (in particular when o = Py (s2-i()))
and any ¢ > 0:
vol s,(0) = t*vol o
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By theorem there is a c such that:
vol P, (c) < evol o
If we let cp = Lip(f~1)*Lip(¢)*c, then we have that:
vol Py(a) < 2*Lip(f~1)*Lip(¢)*c2~"*vol a
as desired. 0

Next we will construct adequate homotopies between two different
approximations of a Lipschitz map «a: S* — X. The basic idea is that
if (10, fo: 70 = G) and (7, fi: m — G) are two triangulations of G, we
can connect approximations in 7y and 7, using a triangulation of G x [0, 1]
which interpolates between 7, and 7.

Let (n,g: 7 — G x [0,1]). Fori = 0,1, suppose that g~*(G x {i}) is a
subcomplex of n which is isomorphic to 7; under an isomorphism ¢;: 7; =
g (G x {i}) such that g o t; = f;. We say that 7 restricts to 7, on G x {i}.
Let ¢): n — G be a (k + 1)-horizontal map and let ¢;: 7, — G be defined
by ¢;: 7, = G be defined by ¢, = ¢ o ; for i = 0,1. We will construct a
horizontal homotopy between Py () and Py, (-,)(c).

Lemma 2.8. There is a cg depending only on ¢ and 7 such that for all
i > 0 and for all Lipschitz maps a: S¥ — G, there is a Lipschitz homotopy
Ry (a) between Py, (-,)(«) and Py (7, () such that:

vol Ry (a) < cgvol o

Furthermore Ry, () is horizontal.

Proof. Let’s define:

Qn(fitoa) forallt € [0, 5]
X(a)(-t) =9 g7 (a(-),3t — 1) forallt € [3,2]
Qn(fytoa) forall ¢ € [2,1]

Furthermore, consider:



clearly this is a homotopy between P, (-,)(«) and Py -,)(«) as desired. For
the bound on the volumen of Ry, («) there is a ¢ such that:

vol P, (o) < evol o

and
vol Q. (0) < cvol o

forallo: S* — Gand forall o: S* x [0,1] — G where o is a Lipschtiz map.
Thus:
vol X (a) < [2¢(Lipg™)* + (Lipg™")*"]vol a

If we let:
¢ = ¢ [2¢(Lipg™)* + (Lipg™")* ] Lip(1)¥+.
then we have that:
vol R¢(n)(06) < cgrvol a

as desired. ]

Now let’s define (7o, fo: 0 — G) = (7, f) and ¢y = ¢ and define
(11, f1: m — G) by letting 71 = 7 and f; = sp o f. If we define ¢ = 590 ¢,
then we have P («) = Py, (-)(). We will define Ry(c) as Ry, () for an
appropiate ¢» and 7 and obtain R; by conjugating R, by s,:. More specifi-
cally:

Lemma 2.9. Given k > 0, (7, f: 7 — () a triangulation of G and ¢: 7 — G
be a (k + 1)-horizontal map which is a bounded distance from f. Define
To, G0, T1, @1 as above.

Let (n,g9: n — G x [0, 1]) be a triangulation of G x [0, 1] which restricts
tor;onG x {i}on G x {i}, i =0,1. Lets;: 7, = g~ (G x {i}) be the implied
isomorphism. Let ¢): n — G be a (k + 1)-horizontal map which extends
the ¢;(i.e., ¢; = Y o1, i =0, 1). If we define:

Ri(a) = 59i 0 (Ry(y)(52-i 0 )

then for all < > 0 and for all a: S* — G Lipschitz maps we have that R;(«)
is a Lipschitz homotopy between P, () and P;(a). Moreover we have
that:

vol R;(a) < cg2'vol a

Where cp, is the constant from lemma 2.8| corresponding to ¢ and .
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Proof. Tt follows from lemma [2.8| that R;(«v) is an homotopy between sy o
Pyo(r0)(82-i 0 &) and $9i 0 Py, (r,)(s52-i 0 o) which by definition are P;(c) and
P,.1(a) respectively. Furthermore, we have that:

vol R;(a)) = vol sq9i 0 Ry(s9-i © v)
< 2+ icpyol (Ry(sy-i 0 @)

Since Ry(sy-i o ) is horizontal we have that:
vol R;(ar) < 20HVicp9-kyol o = cx2ivol

as desired. n
This can be used to prove:

Theorem 2.10. (R.Young) Given k, (7, f), ¢, (1, g) and ¢ that satisfy the hy-
potheses of lemma[2.4] Then we have that:

k1

E(V) VT

Proof. Tt suffices to show that there is a ¢ such that if a: S* — G is a Lip-
schitz map with sufficiently large volume, then there is filling 3 of a such
that:

vol 8 < ¢(vol a)%
Then by the lemmas we know that there are (7, s}, o f)-admissible
maps P;(a): S* — X and horizontal homotopies R;(«) connecting them.
We will construct a disc filling by connecting the R;(«) fori =0, .. ., ig; this
gives a homotopy between (o) = P-(«) and P;,(«). The map Fy(«) is ho-
motopic to a by the homotopy @, («). Since P, () is (7, sq: o f)-admissible,
the map o = f~! 0 55-i 0 P, («) is admissible, but if 4, is sufficiently large,
we have that vol o/ < vol A¥ this implies that the image of o/ lies entirely
in the (k — 1)-skeleton of 7, so vol P, (o) = 0. There is thus a homotopy
contracting P, (o) = 0. There is thus a homotopy contracting P, («). Com-
bining all these homotopies we get a homotopy from « to a point whose

volume s < (vol @) "+ . This homotopy is the required disc filling of . [J
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24 More Upper Bounds

When G has no horizontal (k + 1)-manifolds, these constructions still pro-
vide fillings of cycles, but these fillings satisfy weaker bounds. In some
cases, however(especially when there are many horizontal k-manifolds),
these weaker bounds may still be sharp.

Lemma 2.11. Let k& > 0. Let 7,7, ¢: 7 — G, and ¢: n — G as in lemma[2.4}
except with no requirement that ¢ and ) be horizontal. Let f: R* — R" a
function such that for any (k+1)-simplex A of 1, we have mass s;(¢(A)) <
f(t). If, as in lemma 2.4, we define:

Rz‘(Oé) = S2i(Rw(n)(32—i(a>))
there is a c such that for all ¢« > 0 and for all k-cycles a, we have that:
ORi(a) < Pija(a) — Pi(a)

and ' '
mass R;(a) < 27%cf(2")mass a

Proof. The fact that:
OR;(a) = Ppyi(a) — Py(a)

follows from the proof of Lemma
If 3 is a simplicial chain in a simplicial complex o, it can be written as:

B:ZbAA

Define:

18111 = |bal

ACo

Recall that if v is a Lipschitz k-cycle, then we defined:

Ry () = g (Py(X(7)))

By Theorem 2, there is a ¢ depending only on 7 such that || P,(X (7))|}; <
cmass . Therefore, we have that:

|| Py(X (s9-i(a)))]|1 < 2 " mass
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s0 R;(«) is the sum of at most (2 *'mass «) singular simplices of the form
(s2i 0 )4 (A), where A is a simplex of 7. Each of these has mass < f(2'),
so:

mass R;(a) < 27%cf(2))mass a

In a similar spirit as Theorem 2.5 we have that:
Theorem 2.12. (R.Young) Let k, 7, ¢, n and 1) satisfy the hypotheses of Lemma

Then:
(logy V)/ v

F k+1 < 21
LRI CIE
Soif f(t) ~ t?, where p > k, we have:

FVEY (V) < VE
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Chapter 3

Applications

3.1 Constructing horizontal triangulations

Theorems 2.5/ and show that when certain triangulations and certain
k-horizontal maps exists, then G satisfies euclidean filling inequalities. In
this section we will give a family of groups, for which such maps exists.

Definition 3.1. Given G a 2-step nilpotent group with center Z, we define
the central product G x; G to be the quotient G x G/ ~ where ~ is the
relation which identifies the centers of the two copies of G(i.e., the relation
(2,1) ~ (1, 2) for all z € Z). Likewise, we define the n-fold central product
to be the quotient:
G><Zn — Gn/ ~

where ~ is the relation:

(z,1,1,..)~(1,21,..)~(1,1,2z,...) ~...~(1,1,1,...,2).
For all zin Z.

In this section we will prove quadratic bounds for Dehn functions of a
certain family of central products of free nilpotent groups. Consider the
free 2-step nilpotent group on r generators, which is given by the presen-
tation:

Ao ={g1,---, 919 [g5, gx)]] =0 forall 1 <i,j, k <r)

Its abelianization is Z", generated by the g;s, and its center isomorphic to
) generate by the elements of the form [g;, g;],1 < i < j < r. Define:

Ar,n = (Ar) an

26



We claim that:
Proposition 3.2. (R.Young) A, , has a quadratic Dehn function whenn > 2.

This proposition was first stated without proof by Ol’shanskii and Sapir[8].
It will follow from applying theorem with & = 1. We will show that
A, satisfies the conditions of the theorem by finding a presentation of
A, and then using that presentation to construct triangulations and hor-
izontal maps.

These groups are lattices in nilpotent Lie groups: A, is a lattice in the
free 2-step nilpotent Lie group of rank r, which we we call F, and A, ,, is a
lattice in F,,, = (F},)*#"™. Let f, be the Lie algebra of F;, and let v; = log g; €
f. If we define generators of f, by v; = log g; € f,, then f, has a grading:

fr=Vi® Vo= (v1,...,0,) ® ([vs,v5] forall 1 <i < j<r)

If g;j is the generator of the j-th factor in the central product F, , and §,,
in its Lie algebra, we can likewise define a grading:

f’r,n = Vin 2, ‘/2 = <U11, R ,U,,«n> b <[U1‘1,Uj1” forall 1 <1< j < 7”>

For ease of notation, we will start by considering A, ,. Let g1, ..., g, in
A, x A, be the generators of the firs factor and let Ay, ..., h, in A, X A, be
the generators of the second factor. Then A, , is given by the presentation:

A'I‘,Z = <917 <y Gry h17 BRI h?“”gu [gj7gk]] for all i7j7 kv (1)
[hi, [hj, hi]] for all ¢, j, k, (2)
[91’, hj] for all i, j, (3)
[ i»gj“hiahj} fOI' all Z,j) (4)

We claim then that:
Lemma 3.3. A, , can be presented as:
Ang = <91, ey Gr, h17 ceey hngz, hj] fOI' all 1 S Z,j S r, (5)

Proof. We need to show that the relation [¢;h;, gjh;] = idholdsin A, ,, for all
i, 7 and we need to show that relations (1), (2), (4) can be deduced from (5)
and (6). First, we reduce [g;h;, gjh;] to the empty word ¢ by using (1) — (4):
[9ihs, ghi) = 191, gj][hy, hi] by (3)
— e by (4).
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In the first step, we shuffled all the g;’s and g¢;’s in [g;h;, g; ;] to the begin-
ning using the fact that ¢’s and h’s commute. Now we deduce (1), (2), (4)
from (5), (6). First, note that (4) follows from (5), (6) from the reverse of
the argument above:

[9:, 9;l[hy, hal = [gihy, gjha) — €
Next, we cand reduce (1) as follows:

193195 9x]) = [9: Ry, ] By (4)
— ¢

Here we reduced [g;, [h;, hx]] to the trivial word by using the fact that g;
commutes with each letter of [h;, hi]. The same procedure can be used to
deduce (2). O

In a similar spirit, A, ,, has also a similar presentation:

Lemma 3.4. A, , can be presented as:

AT,n = <g7,j7Z - 17 R 7T7j =1... 7n|[g7,j7gkl] for allj ;é [
[gijgkb gkjgil] for all j # l)-

The proof being similar to the one of lemma

Now in order to consctruct the triangulations and horizontal maps re-
quired we will use this presentation. Recall then that if I is a finitely pre-
sented group with presentation:

U= (xy,...,xqlr1,...,75)

then its Cayley complex Xr is a simply-connected 2-complex on which
I' acts geometrically(that is, properly discontinuously, cocompactly, and
by isometries). The 1-skeleton of Xr is given by the Cayley graph of I
with respect to the {z;}. At each vertex of the Cayley graph of I, there is a
loop corresponding to each relator r;, and we obtain Xr by gluing a 2-cell
to each such loop. Since we started with a presentation of I', this procedure
results in a simply-connected complex. The advantage of the presentation
in Lemma [3.4] is that there is a horizontal map from its Cayley complex
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X = Xr,, to F,,, which we will denote h: X — F,,. Vertices of X cor-
respond to elements of I',,, so we map each vertex to the corresponding
element of F, ,,. Each edge e of X connects g and ggf;-l for some g € A,,,
and some ¢, j. Since g;; = expuv;; for all 4, j, the points g and ggi1 can be
connected by a horizontal segment of the form ¢ — gexp £tv;;,0 <t < 1;
we define h(e) to be this segment. Then if w = w; ... w, is a word, it cor-
responds to an edge path in X and its image under 4 is a horizontal curve
7w in G which connects the points e, wy, wiws, ..., wiw; ... w,. Each rela-
tion in Lemma 3.4 then corresponds to a horizontal closed curve ,,. We
complete the definition of & by filling these curves with horizontal discs.

First, we consider w = [g;;, gx1]- The curve 7, lies in the 2-parameter
subgroup exp(v;;, vy), and we can fill it with a disc of the form exp(sv;; +
tog), 0 < s,t < 1. Next we consider w = [¢;;gu, gr;94]. Here, the disc is a
little more complicated, as is shown in Figure

Figure 3.1: A disc filling v,, = [¢:; 91, 9k il

The disc is made up of three quadrilaterals and four triangles. Each
edge in the disc is a segment of a translate of a horizontal 1-parameter
subgroup, and each face lies in a translate of a 2-dimensional horizon-
tal subgroup of F,,. The quadrilateral on the left lies in a translate of
the subgroup with Lie algebra (v, vx;), the one on the bottom lies in a
translate of exp(vy;,v;;) and the one in the center lies in a translate of
exp(v;; — v, g + vg;). Similarly, each triangle lies in a translate of either
exp(vij, Vi) O exp(vy;, vi). All of these subgroups are horizontal subman-
ifolds of F, , so the disc is horizontal.
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As a consequence we conclude the following:

Lemma 3.5. If w is a word in A, ,, which represents the identity, then there
is a horizontal disc filling v, in F ,,.

Proof. Since w represents the identity, it corresponds to a closed edge path
in X, and since X is simply connected, this path can be filled by a disc in
X. The image of this disc in F, ,, is a disc filling ,,. O

We can use this lemma to construct triangulations and maps satisfying
the hypotheses of Theorem and Theorem 2.5 with k = 1. To apply the
theorem to a group G, we need a triangulation ) of G x [0, 1] which restricts
to triangulations 7y and 7, on G x {0} and G x {1} respectively, where 7 is
a scaling of 7. In the following lemma, we show that if G contains a lattice
I" such that so(I") C T, then 7, can be chosen to be I'-equivariant and 7 can
be chosen to be a s,(I")-equivariant.

Lemma 3.6. Given G a Carnot group, I a lattice in G such that so(I') C T’
and let (7, f: 7 — G) be a '-equivariant triangulation. Let (7, f;: 7, — G),
i = 0, 1 be triangulations such that 7o = 7 = 7, fo = f, and f1 = s2 o fo.
Then there is an so(I")-equivariant triangulation (,¢g: n — G x [0,1]) of
G x [0, 1] which restricts to 7, on G x {i} for i = 0, 1.

Proof. First, we construct s,(I')-actions on 7y and 7; which make them
equivariant triangulations. Let p(¢g): 7 — 7, g € I be the action of I" on
7. Define po(g) = p(g) and pi(g) = p(s1/2(g)) for all g in so(I"). Then f; and
f1 are equivariant with respect to py and p; respectively. In particular 7
and 7y descend to triangulations of M = s,(I')\ G. Since this is a smooth
manifold, we can construct a triangulation (7,g: 7 — M x [0, 1]) which
restricts to so(I')\7; on M x {i}. This lifts to the required triangulation of
G x [0,1]. O

Since g;; = expu;; and v;; is in the first layer of the grading of f,,,
we have s5(g;;) = exp(2v;) = g7; and thus s3(A,.,) C A .. The lemma thus
applies to A, ,,, and we can get 7 and 7 triangulations of F, ,, and F,.,, x [0, 1]
given by the Lemma

We now define ¢. For each vertex v of 7, let ¢(v) be an element of
A, ; we can choose these elements in an I', ,-equivariant way. If e is an
edge of 7 with vertices z and y, we can choose a word w = w(¢(z) '¢(y))
in T',.,, which represents ¢(z)'¢(y). Then ~, is a curve connecting e to
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#(z)"*¢(y), and we can define ¢(e) as the translation ¢(z)v,. Since w de-
pends only on ¢(z) '¢(y) this definition is also I’ ,-equivariant. The map
¢ send the boundary of each 2-cell A of 7 to a curve g - v,/(a), Where w’'(ds)
is a word representing the identity. By lemma we can extend ¢ to a
horizontal map on A, and moreover, we can do this in an equivariant way.
Doing this for every cell in the 2-skeleton of 7 gives us an equivariant hor-
izontal map on 7(2), and we can extend it to an equivariant 2-horizontal
map on all of 7.

Next we define v in a similar fashion. This time, because of the rela-
tionship between 7 and 1, many of our choices are already made for us.
Let 7; and f;, i = 0,1 be as in Lemma[3.6land let ;: 7; — 1,7 = 0,1, be the
inclusions of the 7; into the 7. Let:

wLo(To) = ¢ o Lal

and
—1
le(Tl) = 82 o [/1

These definitions are s5(A, ,)-equivariant and if v is a vertex of ¢,(7;), i =
0,1, then ¢(v) € A,,,. We extend 1 to the rest of the 1-skeleton of 7 in the
same way as before. For each vertex v of n which is not in 7 or 71, we
choose an element ¢)(v) € A, ,,. For each edge e = (z,y) of  which is not
in 7y or 7, we let:

Y(e) = V(T) * Yo @)

Then if e is an edge of 7, then ¢(e) is a reparametrization of ~,, for some
word wj this is true by construction if e is not in 7, and if e is an edge of 7,
then ¢ (e) is a curve of the form s, o 7,, for some w = w; ... w,. Since each
of the curves making up 7, is a segment of a horizontal one-parameter
subgroup, s o, is a reparametrization of v,, where z = w? . .. wf,. Thus 9
sends the boundary of each 2-cell A of 1) to a reparametrization of a curve
g - Yw(a) Where w' is a word representing the identity. Using Lemma
we can extend ¢ to a 2-horizontal map on all of . All this can be done in
an equivariant and Lipschitz way.

In conclusion, we have found triangulations and adequate horizontal
maps that together with the Theorem 2.5 gives us a quadratic bound on
the filling volume function and Dehn function of A,.,
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3.2 Finding other discs

We notice that using Theorem and following the ideas of the previous
chapter we can also get bounds on nilpotent groups of higher steps. The
only part that remains to be seen is an analogous version of Lemma
For that we need to find adequate discs that fill the relations of our given
group. For that reason we will see first how to fill other discs in higher
step nilpotent Carnot groups(not only 2-nilpotent).

Now, given G a simply connected Carnot Lie group, and g the respec-
tive Lie algebra with a Carnot grading. Let X, Y be any two elements
of g and z,y their respectives exponentials. The map we will consider is
H:[0,1] x [0,1] — G given by:

H(s,t) = exp(sX)exp(tY)

Now, as we have seen in the first parts, we need to consider the differ-
ential of such a map in order to obtain good bounds on the Dehn function
of the group.

DH1)(1,0) = D(Lsyp))e (dh‘h 0exp —tY)exp(—sX)exp((s+ h)X) exp(tY))

Lisp))e (dh‘h 0exp —tY) exp(hX) eXp(tY))

( )
(Lr(sn))e (Ad(exp(=tY)) X)
( )
( )

I
S T O

Lu(st))e (exp(ad(—tY))X)
DH1y(0,1) = D(Lpsy))e (dh‘h Oexp tY) exp(—sX) exp(sX)exp((t + h)Y))

= Do) (2], (i)
= D(Lp(s))e (V)

Also note that:

exp(ad(—tY)) X = X —t[Y, X]+ —



So the image of the derivative of H lives in the left-invariant distribu-
tion spanned by Y and exp(ad(—tY))X. In many cases this will give us
a good bound on the distorsion of the dilation automorphism over these
maps.

The fact that the exponential of the Lie group G is a diffeomorphism
implies that we don’t have too much freedom in choosing paths between
points of the Lie group G. More especifically we have that:

Lemma 3.7. Let z,y be two elements in the Lie group G and define A =
log(z'y) and B = log(yxz™'). The two natural choices for paths between
and y; the paths v, () = zexp(tA) and 2(t) = exp(tB)x are the same.

Proof. 1t is clear that proving that those two paths are the same is equiva-
lent to prove that zexp(tA)x~! = exp(tB). It is clear that these maps are
1-parameter subgroups of G that coincide at ¢ = 1. As the exponential map
is inyective this implies that the subgroups are the same, which implies the
wanted result. O

3.3 3-Nilpotent groups
Let §, be the free 3-nilpotent Lie algebra of rank n. This Lie algebra is of
the form:

Note that 3(f,) = ([X;, [X;, Xi]],1 < 4,4,k < n). Now consider the Lie

algebra g,, = f";[(/f” where W = {(z, z)|z € 3(f,)}. This Lie algebra is also

Carnot graded. Define now b,, as the Lie sub-algebra of g, spanned as a
Lie algebra by A; = X; +Y; for all i. Then we have that:

by = (Xi + Y1, Xp +Y5) © ([ X, Xj] + [Vi, Yjl[1 <i < j <n)

It is clear that b, is 2-nilpotent. Consider the simply connected nilpo-
tent group G,, which has as Lie algebra g,,; and H,, the Lie subgroup of G,
which has as Lie algebra b,,.

Let ', = (91, 62,- -, 9n, h1, ho, ..., hy,) the subgroup generated by g; =
exp X;, h; = expY; if we somehow manage to prove that this group is a
lattice in G,, and is given by the following presentation:

Fn - <gl7.g?7 <y Gn, hla h27 ey hn|[gz7 hj]a [gzhza [g]hj7gkhk]] fOI' all iaja k)
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Then we get a cubic upper bound on the Dehn function of this group.
Theorem 3.8. I',, has a cubic Dehn function.

Proof. Following the method of Young, we need to fill by adequate discs
the relations of the group I',,. As we have already seen the relations of the
form [g;, h;] are filled by horizontal discs, we only need to worry about the
relations of the form [g;h;, [g;h;, gkhi]]. Without loss of generality we will
call g;h; = ¢, gjh; = a, gihi, = b. We will divide the construction of the
filling in two parts; first, we will fill the word [a, b] and after that we will
fill the word [c, [a, b]].

where H(s,t) = exp(s[A, B])exp(tB) is only defined in the triangle
{(s,t) € [0,1] x [0,1] : t < s}(here the fact that [A, B] and B commute is
really important) and Ha(s,t) = exp(sC) exp(tA), C being log(aba™!) now
this two disks have the property that their differential is in a space that is
spanned by a horizontal vector and a vector in b (this is because aba ™' is
in H),soitlivesin V; & V5.

Now in order to fill the word [c, [a, b]] we will use the fact that ¢ and
la, b] commute; then we have the following diagram:
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D, Dy D,

[a, b] [a, b]c

where the discs D; and D, are of the form seen in the last figure and
Dj; is given by the same formula seen in the section 3.2. Now we have
seen that we can cover any relationship by a disc that has derivatives in an
adequate distribution.
This and the Theorem implies that we have a cubic bound on the
Dehn function and flling volume function of this group.
O]

3.4 General Case

Let f,, be the free p-nilpotent Lie algebra of rank n. This Lie algebra is of
the form:

fpm = <X1, .. 7Xn>@<[X17X]]7 1 S 2,] S n>@ . @([X“, e ,Xip]l S ila Ce 7ip < n>

We will consider a central product of these Lie algebras and give an up-
per bound on the Dehn function of these central products. Let’s con-
sider F,,, the simply connected Lie group with Lie algebra §f,, and G, ,, =
F,n Xiq F},n the simply connected Lie group with Lie algebra g, , = f,.. %
fon/{(@, —2)[x € 3(Fpn)}-

It can be seen that G, ,, has a lattice A, ,, with a presentation:

P(A,,) = T, To,... Ip [milyil,xiQyiQ,...,$ip_1yip_l},1§i1,...,ip_1§n
b Y, Y2,--- Un [xz,y]],lgz,jgn

Now following R.Young ideas([Scaled Relators] and [Filling Inequali-
ties]) we can obtain upper bounds on the Dehn function of A, ,,, by filling
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the paths given by the relations by a disc that behaves well under dilations
of Gy .

3.5 Jet Groups

Other consequence of the theorem [2.5/is actually getting bounds for the
higher Dehn functions of Heisenberg groups. This is done by proving the
bound for the jet groups which we will define now. We will mainly con-
sider the m-jet bundle of R*, which we denote by J™(R*). This is a vector
bundle which is a generalization of the cotangent bundle and is often used
to describe differential relations. A smooth map from R* to R has a differ-
ential which can be considered as a map from R” to the cotangent bundle
T(R*)*. Likewise, its m-th order derivative can be considered as a map to
the i-th symmetric power of T'(R*)*. The m-jet bundle is a sum of these
symmetric powers. Moreover, it is a trivial vector bundle over R* with
tiber:

where W, = ©'(R*)* is the ith symmetric power of (R*)* and W, =
O'(R¥)* = R. An application f: R* — R of class C" corresponds to a
section of class C"™, called a prolongation, j™(f): R* — J™(R*), given
by taking derivatives: the projection to W, corresponds to the original ap-
plication, the projection to W; = (R¥)* is the gradient of f and so on. We
will often write j;"(f) in place of j”(f)(p). In the Carnot structure that we
will construct on J™(R*) prolongations of smooth functions will be hori-
zontal.

In [3],4.1.D,4.4.A-B], Gromov used infinitesimal invertibility and the
h-principle to prove a Lipschitz extension theorem for many spaces in-
cluding the k-jet bundle. This theorem can be used to construct maps and
triangulations satisfying Theorem 2.5/ for many groups. In the case of the
k-jet bundle we can construct these maps and these triangulations fairly
explicitly. Moreover this family of jet groups includes the higher dimen-
sional Heisenberg groups and the filiform groups.

This family of groups has also appeared as a family of non-rigid Carnot
groups[4]. Warhurst defined the group by putting a group structure on the
m-jet bundle J™(R¥), which we will describe describe now:
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Using a basis of R* we can construct a basis of . Let {ej, e, . .., €1} be
the standard basis of R¥, and let {e}, 3, ..., e} } be the corresponding dual
basis of (R*)*. If we let:

Y0aras,ar) = (1) © (€3) O ... O (€)™

then:

{Y(ar,az,...an)| Z a; = n}

is a basis of W,,, and:

{y(al,@ ~~~~~ ak)’ Zai < m}

is a basis of W. Using this basis we can write J™(R*) as a product J™(R¥) =
R* x W. Now, note that for every p € J™(R¥), there is a unique polynomial
in k variables of degree at most m whose prolongation passes through p.
We will call this polynomial P(p), and we use it to construct an action of
R* on . Let’s denote D™(f) € W to be the first m derivatives of f at z,
so that:
i (f) = (z, DI (f))

Ifx € RFand w € W, we let S,: W — W be the map S,(w) =

D™(P((0,w))). This is an action of R¥ on W, and we define:

(p1,02)-(q1,02) = (1 + @1, S, (P2) + @2)

This makes J™(R¥) a semidirect product of R* and W. One can check
that R* x {0} is a subgroup and that the translate p.(R* x {0}) is the graph

of j™(P(p))-
To describe the Lie algebra j,, . of J™(R”), consider the basis

{y(al ~~~~~ ak)‘zai Sm}u{elae%"'aek}

and all other brackets are zero. We can give j,, ,, the grading;:

ime = RFEGW,) S Wyy... 0 W,
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Moreover, since the structure constants of ,, , with respect to the basis
{%i; Y(ar,....ap) } are rational, {exp x1, ..., exp i} U {¥Y(a,,.a)| D @ = m} gen-
erate a lattlce in J™(R¥). We will call this lattice I',,, . Since the generators
are in exp(R* @ W,,,), we have that s3(T' 1) C Tge

Note that the groups J'(R*) are the (2k + 1)-dimensional Heisnberg
groups, and J?(IR?) is the 3-step nilpotent group with quadratic Dehn func-
tion given in [9], one isomorphism between them takes:

a7b7c7d7e7f7g?h’

to:

Y2,0)s T15 Ya,1)s T2, Y0,2)s —Y(1,0), Y0,1) —Y(0,0)
respectively. Warhurst showed that the left-invariant plane field corre-
sponding to R¥&1W,, agrees with the standard contact structure on J™(R*)[4].
This gives a way to construct horizontal submanifolds: if U is an open
subset of R* and f: U — R is smooth, we define M; as the image of
J™(f): U — J™(RF). We will prove then that M} is a horizontal submani-
fold:

Lemma 3.9. If U is an open subset of R* and f: U — R is smooth, then M}
is a smooth horizontal submanifold of J™(R").

Proof. M; is smooth by the definition of ;™ (f), so it just remains to show
that its tangent plane lies in a translate of V; = R* & W,,. First, note that
any translate of a prolongation is still a prolongation. Specifically, if p =
(p1,p2) € J™(RF), then p.M; = M, for g: U’ — R defined by:

g(z) = f(z —p1) + P(p)(x)

where U' = U + p; = {u+pi1| v € U} and P(p)(x) is the polynomial used
above to define the group structure on J™(R"). This is so, because for all
x € U we have that:

z+p1, " f(x) + 7" (P(p))(@ + p1))
T+ p1, le(P(pl,m)) + 7" f(x))
z + p1, D' (P(0,p2)) + 5™ f(x))

x +p1, Se(p2) + 37 f ()

(z+p1,j"g(x+p1)) =

(
= (z
= (z
= (2
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and also that:

(p1,p2)-(2, j" f(2)) = (x + p1, Se(p2) + 5" f())
= (x+p1,i"9(x +p1)).

Now given z € U if we take p = [j7'(f)]" in the previous construction,
then ¢ is a smooth function which vanishes to m-th order at 0. The tangent
plane to M, at j7*(f) is then a translate of the tangent plane to M, at 0.
Since the first m derivatives of g disappear at 0, the tangent plane to M/, at
0 is contained in R¥ & W,,,. Indeed, if we consider the D7*(g) as a map from
R* — W, then the tangent plane to M, is the graph of this map. O

Now we define a class of horizontal manifolds coming from the con-
struction of the lemma 3.9

Definition 3.10. If U is an open subset of R* and f: U — R is a smooth
map, we say that any submanifold Y of M; is holonomic. If X is a com-
plex, a Lipschitz map f: X — J™(R") is holonomic if and only if its image
lies in M for some smooth f: U — R.

We then know by lemma that holonomic submanifolds are hori-
zontal. A cycle in a holonomic submanifold is equipped with a smooth
function, and we can use this to construct a holonomic filling. That is, if
f: U — RF is a smooth function defined on an open set and if « is a sin-
gular Lipschitz cycle in My, then we can construct a holonomic filling of
a. The support of a is compact, so there is a smooth function f: R — R
which agrees with f on a neighbourhood of the support of o . In partic-
ular, we can consider a as J™(f)4(ap) for some cycle ag in R¥. If 3, is a
chain in R* which fills ap, then J™(f)4(8,) is a chain in J™(R*) which fills
Q.

In general, a horizontal map is not even necessarily even locally holo-
nomic, and it can be difficult to fill an arbitrary horizontal map with an
horizontal filling. For our purposes, it suffices to fill locally holonomic
maps. To work with such maps, we will define augmented maps which are
horizontal maps locally equipped with smooth functions.

Definition 3.11. Let X be a simplicial complex. Let pgx: J™(RF) — R* be
the bundle projection. An augmented map from X to J™(R¥) is a tuple:

(a: X — J™(R*), {fa: Va — R}acx)
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which satisties two conditions. First, we require that the map « is holo-
nomic on each cell. That is, the image of a cell A is contained in My, .
Second, we require that if A; is a face of A, then M fa, C My,,. Note that
this imposes compatibility conditions on any pair of faces that intersect,
because if A and A’ intersect, then M, ., C My, and My, ., C Mj,,, so
fa and f agree on a neighbourhood of A N A’. If X is a subcomplex of Y
and if (o, { fa}acx) is an augmented map on X, we say that (5, {ga}acy)
extends (o, { fa}acx) if and only if 5 extends « in the ordinary sense and
M,, C M;, for all simplices A C X. If k: X — R” then we say that
(a, {fa}) covers k if pgr © o = K.

Lemma 3.12. If k: A — R” is a Lipschitz embedding of a simplex and

(. {fs: Vs = R})

is an augmented map on JA which covers x| ons then there is an aug-
mented map (5,{gs: Ws — R}sca) which extends («,{fs}) and covers
K.

Proof. Tt suffices to find a smooth function g: R¥ — R such that g agrees
with fd on a neighbourhood of «(§) for each face §. If we have such a g,
we can construct the required extension by letting gs = ¢, 8 = J™(g) o &,
and W, = R*. To find g, we use a partition of unity. If § is a face of A, we
define new domains:

Us = Vs \ | J k()

526
forall § C A. And for § = A, we define:

Uxr = R"\ k(0A)

Now, for each §, we have defined the Us in order that x(int ) C Uy, so the
Us’s form an open cover of R*. Therefore there exists {ps: R* — R}sca a
smooth partition of unity subordinate to the cover {U;}.

Let fa: R* — R be a smooth function and let g: R¥ — R be:

9=> psls
5

We claim that if § is a simplex of A, then g agrees with f; on some neigh-
bourhood of x(§). Now for a given z in x(9), we have that if x € supp py,
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then z is in Uy which implies that Uy N x(5) # O when 6 2 ¢, so if
x € supp ps, then &' C 4. There is thus a neighbourhood U of z such

that:
9ly = psfs
§'cé
Furthermore, we know that all the f5 agree with f5 on a neighbourhood of
x. Since this is true for any = € k(J), we conclude that f; and g agree on
some neighbourhood of x(§). We can thus construct the required extension
by letting ga = g and 5 = J"(g) o k. O]

This allows us to construct maps satisfying the conditions of Theorem
and Theorem 2.10] by induction on dimension. We first note that there
is a natural action of J™(R¥) on augmented maps. Given p = (p;, ps) in
J™(R*) we define:

p-(a,{fatacx) =@ a,{p- fatacx)

where

(p-a)(z)=p-a()
(p- fa)(x) = falz —p1) + P(p)(z)

It is easily seen that this is a group action on the space of augmented maps.

Lemma 3.13. There are 7,7, ¢ and v satisfying the conditions of Theorem
2.5 and Theorem for G = J"(R* ') and k = k.

Proof. Let ' = I',, 111 and recall that s5(I') C T. Let p: J™(RF!) — R
be the bundle projection and let (7, f: 7 — &) be a I'-equivariant trian-
gulation of G and let (n,g: n — G x [0,1]) be a sy(I')-equivariant trian-
gulation of G x [0,1] as in Lemma We will construct horizontal maps
¢: 7 — G and ¥: n — G by constructing augmented maps on the (k + 1)-
skeletons of 7 and 7. We can construct of I' on R**! by letting the action
of v send z — x + p(v). After possibly subdividing 7, we can construct
a [-equivariant map : 7 — R¥*! g0 that the vertices of any simplex of 7
lie in general position and each simplex is mapped linearly to R*™; this
is an embedding on each simplex in 7#*1). We can now use Lemma m
to build a I'-equivariant augmented map on the 0-skeleton, then the 1-
skeleton, and on up to the (k + 1)-skeleton. This constructs a horizontal
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I'-equivariant map on 7**1) which can then be extended to all of 7. We
construct ¥ by a similar process. The main difference is the starting point;
if 7o and 7, are as in Lemma3.6land if ;: 7, — 7, i = 0, 1, are the inclusions
of the 7; into 7, we define vy: 7o U, — G by

¢0|L0(T0) - d} © Lal
and
¢1’L1(7—1) - 520 77/} ° Ll_l
and extend this to an sy(I')-equivariant (k + 1)-horizontal map onn. [
We then have

Theorem 3.14. (R.Young) J™(R*) satisfies the filling inequalities:

FV V)< Vwifor2<n<k
Y V) < VAt for2<n <k

In particular for the Heisenberg group Hyi 1 = J'(R*), we have: R.Y oung)Hax i1
satisfies the filling inequalities:

FV V)< Vwifor2<n<k
Y V)< VAt for2<n <k
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